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Abstract 

By using C* -correspondences and Cuntz-Pimsner algebras, we asso- 
ciate to every subshift (also called a shift space) X a C* -algebra Ox, 
which is a generalization of the Cuntz-Krieger algebras. We show that 
\ Ox is the universal C*-algebra generated by partial isometries satisfy- 

■ ing relations given by X. We also show that Ox is a one-sided conjugacy 

in . invariant of X. 
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1 Introduction 

In [7j Cuntz and Krieger introduced a new class of C*-algebras which in a 
natural way can be viewed as universal C*-algebras associated with subshifts 
(also called shift spaces) of finite type. From the point of view of operator 
algebra these C*-algebras were important examples of C*-algebras with new 
properties and from the point of view of topological dynamics these C*- 
algebras (or rather, the isT-theory of these C*-algebras) gave new invariants 
of subshifts of finite type. 

"Current address: Mathematisches Institut, Einsteinstrafie 62, 48149 Miinster, Ger- 
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In |13| Matsumoto tried to generalize this idea by constructing C*- 
algebras associated with every subshift, and he and others have studied 
these C*-algebras in [2l llUlHlh21j , Unfortunately there is a mistake in |17j 
which makes many of the results in |16H19ll2"T] invalied for the C*-algebras 
constructed in |13| . This mistake has to do with the identification of an un- 
derlying compact space which among other things determine the iT-theory 
of the C*-algebras. It turned out that this compact space is not the space 
Matsumoto thought it was, and thus many of the results of [TEITHJII^ are 
invalied for the C*-algebras constructed in To recover these results 

Matsumoto and the author introduced in jS] a new class of C*-algebras as- 
sociated with subshifts, which has the right underlying compact space and 
thus satisfies most of the results in [21 ITU1IT5H2*T] . but these C*-algebras do 
not in general have the universal property (cf. Theorem 17. 2\ Remark 17.31 
and[72J [EH Theorem 4.9] and 5, pp. 148-149]). Thus it is natural to think 
of this class of C*-algebras as the class of reduced C*-algebras associated 
with subshifts. 

In this paper we will for each subshift X construct a new C*-algebra 
Ox by using C*-correspondences (also called Hilbert bimodules) and Cuntz- 
Pimsner algebras, and this new C*-algebra will both have the right under- 
lying compact space and have the universal property and hence will satisfy 
all the results of [2l lTUHT3H2*T] and has the C*-algebra defined in as a 
quotient. Thus is seems right to think of this C*-algebra as the universal 
C*-algebra associated to a subshift. 

The C*-algebra Ox can also be constructed as the C*-algebra of a 
groupoid (cf. Remark I7.7j) . and by using Exel's crossed product of a C*- 
algbra of an endomorphism (cf. E,emark l7.6|) . 

Matsumoto's original construction associated a C*-algebra to every two- 
sided subshift, but it seems more natural to work with one-sided subshifts, 
so we will do that in this paper, but since every two-sided subshift comes 
with a canonical one-sided subshift (see below), the C*-algebras we define 
in this paper can in a natural way also been seen as C*-algebras associated 
to two-sided subshifts (cf. Remark I7.4|) . 

We will show that Ox is the universal C*-algebra associated with partial 
isometries satisfying relations giving by X and which resemble the Cuntz- 
Krieger relations (Theorem l7.2|) . We will also show that Ox is an invariant of 
X in the sense that if X and Y are conjugate one-sided subshifts, then Ox and 
Oy are isomorphic (Theorem EE}. This is a generalization of Proposition 
2.17] and |131 Proposition 5.8] (see |161 Lemma 4.5] for a proof of the later 
Proposition), where it is required that X and Y satisfy a certain condition 

CO- 
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2 Notation and preliminaries 



Throughout this paper, No will denote the set of non-negative integers. 

Let a be a finite set endowed with the discrete topology. We will call this 
set the alphabet. Let o N ° be the infinite product spaces a en dowed 

with the product topology. The transformation a on o N ° given by (a(x))i = 
Xi+i, i G No is called the shift. Let X be a shift invariant closed subset of a N() 
(by shift invariant we mean that cr(X) C X, not necessarily a(X) = X). The 
topological dynamical system (X, a\x) is called a subshift. We will denote 
""ix by o"x or a for simplicity, and on occasion the alphabet a by ax- Since 
<7x maps X into X, we can compose ax with itself. We will denote this map 
by a\ and in general for any positive integer n the n-fold composition of ax 
with itself by a%. We will for a subset Y of the subshift X and an integer n 
by a n (Y) denote 

VSPO n > 0, 

a n (Y) = \y n = 0, 

X*x n rHY) n<0. 

A finite sequence (i = (m, . . . , fik) of elements m G is called a finite 
word. The length of \i is k and is denoted by We let for each k € No, 
a k be the set of all words with length k and we let L fc (X) be the set of all 
words with length k appearing in some x E X. We set L^(X) = ljL=o L fc (X) 

and L(X) = U^o Lfc ( X ) and likewise a/ = (jLo ak and a * = Ufclo flA where 
L°(X) = a denote the set consisting of the empty word e which has length 
0. L(X) is called the language of X. Note that L(X) C a* for every subshift. 
For a subshift X and a word /x G L(X) we denote by Cx{n) the cylinder 

set 

C x (m) = {x G X | (ari,x 2) . . . ,X| M |) = //}. 
It is easy to see that 

{Cx(v) | M G L(X)} 

is a basis for the topology of X, and that Cx(/x) is closed and hence compact 
for every {i G L(X). We will allow us self to write C{p) instead of Cx(n) 
when it is clear which subshift space we are working with. 

For a subshift X and words (i, v G L(X) we denote by C(/x, v ) the set 

C{v) n (j-l^^l' 1 !^^))) = {raeX| F e X}. 

If X and Y are two subshifts and <p : X — > Y is a homeomorphism such 
that ?/) o (j x = (7 Y o </), then we say that is a conjugacy and that X and Y 
are conjugate. 



3 



What we have defined above is a one-sided subshift. A two-sided subshift 
is defined in the same way, except that we replace No with Z: Let o z be the 
infinite product spaces n^-oo a endowed with the product topology, and 
let a be the transformation on a z given by (a(x))i = Xj+i, i € Z. A shift 
invariant closed subset A of a z (here, by shift invariant we mean c(A) = A) 
is called a two-sided subshift. The set 

Xa = {(^i)ieNo | (xi)iez G A} 
is a one-sided subshift, and it is called the one-sided subshift of A. 

3 Cuntz-Pimsner algebras 

We will in this section give a short introduction to Cuntz-Pimsner algebras. 
We will follow the universal approach of |Hj (see also |24j and jllj). 

Let A be a C*-algebra. A right Hilbert A-module H is a Banach space 
with a right action of the C*-algebra A and an A- valued inner product (•, •) 
satisfying 

1. (£,T]a) = (£,77)0, 

2- (Cry) = {ri,0*, 

3. (£,£}>0 a nd||£|| = |K£,OH 1/2 , 

for £, 77 G H and a£i. 

For a Hilbert ,4-module H, we denote by /3(H) the C*-algebra of all 
adjointable operators on H. For £, r? £ H, the operator ^ iT) G £(H) is defined 
by ^(C) = £fa,C> fOT C G H. We define /C(H) C £(H) by 

/C(H) =span{% r? j^r/G H}, 

where span{- • • } means the closure of the linear span of {■■■}• 

Let (f> : A — > £(H) be a *-homomorphism. Then aa; := (j){a)x defines 
a left action of A on H, and we call H a C* -correspondence over .4, (in 
[2"5] and jS] a C*-correspondence is called a Hilbert bimodule, but it now 
seems that the term Hilbert bimodule has been reserved for a special kind 
of C*-correspondences cf. [21] )■ 

A Toeplitz representation (t/?, ir) of H in a C*-algebra B consists of a 
linear map ifi : H — > B and a *-homomorphism it : .4 — > B such that 

V>(£a) = ip(Qn(a), ^(0*^{v) = n((£,v)), and = ^(0)^(6 
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for £, 77 G H and o 6 i. Given such a representation, there is a homomor- 
phism ir^ : /C(H) — > B which satisfies 

for all £,77 G H, and we then have 

7T«(2X£) = ^(T£) 

for every T G /C(H) and £ G H. If p : B ^ C is a *-homomorphism between 
C*-algebras, then (p o tp, p o 7r) is a Toeplitz representation of H, and since 

(p o 7r)«(0 € ,„) = (p o V>(£))(p o V(r?))* = P o 7r«(% iJ? ) 

for all £,77 G H, by linearity and continuity we have 

(p o tt)^ = p o tt^ 1 '. 

We denote by i7(H) the closed two-sided ideal _1 (/C(H)) in A, and we say 
that a Toeplitz representation (■0, vr) of H is Cuntz-Pimsner coinvariant if 

7rW(</3(a)) =7r(a) 

for all a G J"(H). 

Theorem 3.1 (gO Proposition 1.3] (cf. [23J and HH Proposition 
1.6])). Let h\ be a C* -correspondence over A. Then there is a C* -algebra 0\\ 
and a Cuntz-Pimsner coinvariant Toeplitz representation (A;h,/%a) : H — > Oh 
which satisfies: 

1. For every Cuntz-Pimsner coinvariant Toeplitz representation (ip,ir) of 
H ; £/iere is a homomorphism tp x tt of Oh such that {ip x it) o kn = ip 
and (ip x n) o kj± = tt, 

2. Oh is generated as a C* -algebra by /ch(H) U k^(A). 

Remark 3.2. The triple (0^,k x ,kX) is unique: if {X,k'^,k'j^) has similar 
properties, then there is an isomorphism 9 : 0\\ — > <Y such that # o fen = A; H 
and 9 o kj± = k'^. Thus there is a strongly continuous gauge action 7 : T — > 
AutOiH which satisfies 72(^(0)) = £u(a) and 7 z (A;H(a;)) = zfc|-|(x) for a G *4 
and i£H, 



5 



4 (^-correspondences associated with subshifts 

We will now define the C*-correspondence Hx that we associate to a subshift 



We start out by defining the C*-algebra T>x which Hx is a C*-correspondence 
over. 

Definition 4.1. For every subshift X we let 03 (X) be the abelian C*-algebra 
of all bounded functions on X, and T>x the C*-subalgebra of 03 (X) generated 
by {lcfau) a*}. 

It turns out that the spectrum of T>x is the right underlying compact 
space for the C*-algebra that we are going to associate with subshifts, but 
since we will not need an explicit description of this compact space we are 
not going to give one, but instead work with T>x- 

Definition 4.2. Let X be a subshift. For every a G a let T> a be the ideal in 
T>x generated by l a (c(a)) • Let Hx be the right Hilbert X>x-module 



X. 



a 



with the right action is given by 




and the inner product by 




for (fa)aea, {9a)aea G ® a ea V a and / G V x . 

Proposition 4.3. LetX be a subshift and let a G a. Define a *-homomorphism 
X a : 03 (X) -> 03 (X) by letting 




for every f G 03(X) and every x G X. 
Then \ a {Vx)^Va- 
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Proof. Let fj,, v € a* with \v\ > 1. For every x G X is 

Aa(l ^ )(x) = \0 ifax^X 

{1 if a = v\, x\ = u%, ■ ■ ■ , x\v\-i = v\ v \, /ucr^l _1 (x) G X, ax G X 
else. 

So A a (lcfav)) = if a ^ vx, and 

(1(7(^,1/)) = lC(Ai,i^i^— lo-CCCo)) 

if a = v\. Hence A a (lctu,^)) € -D a - In a similar way, we see that A a [i-cu,e)) = 
l C(ati,e), so A a (l C (u,e)) G -D a - Thus A a (£> x ) C P a , since D x is generated by 
{1c(am0 I /*> " e a *}- □ 

Definition 4.4. Let X be a subshift. We let : T>x — » £(H X ) be the 
*-homomorphism defined by 

0(/)((/a)«ea) = (Aa(/)/a) 

for every / € 2?x and every (f a ) a ea € Hx- With this Hx becomes a C*- 
correspondence. 

5 The C*-algebra associated with a subshift 

We are now ready to define the C*-algebra Ox associated with a subshift X. 

Definition 5.1. Let X be a subshift. The C*-algebra Ox associated with X 
is the C*-algebra Oh x from Theorem l3.ll where Hx is the C*-correspondence 
defined above. 

We will now take a closer look at Ox- First, we show that Ox is unital. 



Lemma 5.2. Let X be a subshift and let 1 = lc(e,e) ^ e ^ ne un ^ of Dye.. Then 
kj*, (1) is a unit for Ox- 

Proof. We have that 



fcHx(0*^(l)=*Hx(£l)=fcH x (0> 

and 

^ x ( 1 ) fc H X (e) = ^H X (0(i)o = fc Hx (o 
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for every £ € Hx- Since we also have that 

^ x (!)^ x (/) = k^(f)k^ x (l) = fe gx (/) 

for every / G £>x> and Ox is generated by /ch x (Hx) U fcg (X>x)j we have that 
fep x (l) is a unit for Ox- □ 

We will denote the unit of Ox by /. 

Definition 5.3. Let X be a subshift. For every a € a let £ a be the element 
(Za')a'ea £ H x where / a = l<r(C(a)) and /„/ = for a' ^ a, and let for every 
€ a*, be the product fcHxC^x)^^) " * * ^(^i) G Ox with the 
convention that S e = I. 

Lemma 5.4. Let X be a subshift. Let 1 be the unit of Dx, and Id the unit 
of£(H' x ). Then 

ago 

is the unit of Ox ■ 

Proof. It is easy to check that 

<Ki)=id = ]T^, 

so since (k^ x ,k^ ) is a Cuntz-Pimsner coinvariant representation, 

A; 5 x ( 1 )=^( Id )=E 5 « S a' 

and we know from Lemma 15.21 that k^(l) is the unit of Ox- D 
Lemma 5.5. Let X be a subshift. Then 

for every fj,, v G a* . 
Proof. Since 

S^a = k Hx (UY ^H x (£a) 

= fc 5 x ( lff ( c ( fl ))) ' 



s 



and 

^a k V x ( 1 (T lM'l(C( At '))) ^ a = fc H x (£a)*&H x {$ (^'l (C(//))) ^ a 

= fcHx^r&Hx (&A» (io-lM'l^')) 

= ^H x (£a)*&H x (£a)fcp x (X (VlM'l (CV)) 

= ^ (l CT (C(a))A a (io-lM'ICCO*')))) 



- fc B x ^.rlM'al^'a)) 

for every a G a and every |i' e a*, we have that 

= (l CT iMl(c( /t ))) 

for every fiEo*. 

It is easy to check that for every / 6 £>x is 

= £ We- 

ago 

Let n,v € a* with > 1 and a E o. Then as proved in the proof of 
Proposition 14.31 

Aa (l(CV,^)) = 

if a 7^ fi, and 

Aa (lc(At^)) = l C(ti,u 2 ,...u H )K(C(a)) 

if a = v\. 
So 

= k £>X (^ 1, l 1 °(f."2»->'| v |)^ 1 'i) 

= kHx(6ilcQ^ 2 ,...^ H ))MH x (&i)* 

= <S'i /1 A; : p x (lc( (U)I/2j .., 1/|t;| ))5j / , 1 . 

Hence 

^z> x (lc(^)) = SuS^S^S^ 
for all fi,u e a*. □ 

Proposition 5.6. Lei X be a subshift. Then Ox is generated by {S a }c 



faea- 
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Proof. Ox is by Theorem 13. II generated by /ch x (Hx) U kf, (T>x)- 

First notice that k^ (1) = J^aea^aS* is in the C*-algebra generated by 
{S a }a€a- Since 

for all fi, v G a*, and £>x is generated by {\cu,v) I ^ G a *}> we have that 
fep x (X ) x) is in the C*-algebra generated by {£ a } o6a . 
Let (f a )aea £ H x . Then 

(/o)a£o = ^ ~] £,afai 
a£a 

so fc H x ((/a)aea) = E a ea ^fe^ (/a), and fc H x ((/a)aea) is in the C*-algebra 
generated by {5 a } aGa . Hence O x is generated by {£ } a6a . □ 

6 The structure of C*-algebras generated by par- 
tial isometries 

We have now established that Ox is a unital C*-algebras generated by partial 
isometries {5 a } ag0 , which by Lemma I57H and 1531 satisfy 

I, (1) 

S u S u S^Sn, (2) 
S u S u S^Sij_, (3) 

where = 5 m • • • S , At|fi| and S u = S Ul --- S^ H , for every fi,u e a*. 

We will now take a closer look at unital C*-algebras generated by partial 
isometries {5 a } ag0 that satisfy the 3 relations above. 

So in the rest of this section, a will be an alphabet and O will be a 
unital C*-algebra generated by partial isometries {S a } a£a , which satisfy the 
relations © and © above. 

Lemma 6.1. For every /x G a* ; S 1 ^ is a partial isometry. 

Proof. We will prove the lemma by induction over the length of \fx\. If 
\fi\ = 1, then 5"^ is a partial isometry by definition. Assume now that S v is 



7^ 'S'o'S'a ~~ 
ago 

C* Q C Q* 

D^D^D U D U — 

S* q <~»* c* 
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a partial isometry and a € a. Then 

So* c* o c* c* c* o 

So* c* c* o 
v D ll D u O a O a O a 

= S u S a 

= S ua . 

So S ua is a partial isometry. Hence is a partial isometry for every /i € 
o*. □ 

For fi £ a* we set ^ = S^S^. We notice that since ^ a£tt S a 5* = I, the 
projections {5 a 5*} aeo are mutually orthogonal, so S a S*SbS^ = for a ^ b. 

Lemma 6.2. Let fi, v £ a* with |/i| = \u\. If S^S U ^ 0, then (i = v and 

S^Sjy Ap . 

Proof. We will prove the lemma by induction over the length of \i and v. If 
the length is 1 and \i^v, then 

= 

since SpS*S u S* = 0. So since S^S^ 7^ 0, we have that fx = v and 5*5^ = A^. 

Now assume that we have proved the lemma in case |//| = = n, and 
assume that = \u'\ = n + 1 and SpS u > 7^ 0. Set /x = . . . ,/4J and 
v = . . . , z/^). Then S*^ 7^ 0, so ^ = v. Since 

^ S*,^ 

O.J O n f O.J O , , O 1 1 fJ 1 *' 

^n+l M n+ 1 V n+1 " n + 1 V ^ V n+1 ' 

we have that = and hence fi' = v' . So the lemma is true. □ 

For each / € No we denote by Ai{0) the C*-subalgebra of O gener- 
ated by {Ap}p(z ar Since Ai{0) is generated by a finite number of mutually 
commuting projection, there exist a finite number of mutually orthogonal 
projections E\, i = 1, . . . m(l), such that {E\) i=l m n\ is a basis for Ai(0). 
We have that \Ji e ^ Ai(O) is the C*-algebra generated by {4^}^ ga . . We 
denoted this C*-algebra by A(0). Since Ai(0) is finite dimensional and 
Ai{0) C ^+i(C) for every / G N , .4(0) is an AF-algebra. 
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Lemma 6.3. For 1 < k < I, |iEo fc and i G {1,2,... , rn(l)}, the following 
two conditions are equivalent: 

a) S^S; ? 0, 

b) A^E\ + 0. 
Proof. Since 



Q Tpl C* C A jpl Q* 



and 

we have that 



Ay L E\ — S^S^E^S^S^, 
S^EjS^O^A^El^O. 



Lemma 6.4. Let 1 < k < I. Then 

a) For i, i' G {1, 2, . . . m(l)} and fj,, // G a fc is 



a via* a j?l o* _ / S v E i S u if V> = fi>' and i = i! 
b) (S„ElS*)* = SaElS* u for i G {1,2,... , m(l)} and // G a k . 



Proof, a): By Lemma 16.21 



S^ElA^S*, h> = // 



□ 



C Tpl o* o zt^ c* J i A* i' ft' 

fVWi^ * = 

\0 if M7 V 

(S^ElS*, ii n = &nd i = i' 
1 if fi ^ fi' or i ^ i'. 

b): Obviously. □ 
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7 The universal property of Ox 

We let Ax be the C*-subalgebra of T>\ generated by {l a M(c( /t )) I M £ a *}- 

Lemma 7.1. Lei X be a subshift, X a C* -algebra, tp : „4x X a *- 
homomorphism and {S a } a( z a partial isometries in X such that 

h ) Q* Q Q Q* Q Q* Q* Q 

c ) s;s^ = ip(i aM{CM) y 

where = S^S^ ■ ■ • S^ H and S v = S V1 S U2 ■ ■ ■ S V[v{ , for every (i, v G a*. 
Then ip extends to a * -homomorphism from T>x to X, such that 

ip ( 1 c*(At,f)) = SvS^S^Sl 

for every fx,u 6 a*. 

Proof. Let O be the C*-subalgebra of X generated by {5 a } ag0 . Since 

S^S^ = ip (l a M( C (ij,))) and S Z S » = ip (l<rM(C7(i/))) , we have that S^S^S^ = 
S*S U S^S^ for every fi, v G a*. Since 

s a i/>(i) = s a s* a s a ^(\) 

= S a 1p (lc(a)) 
= 

and 

= 4>(l)S a S* a S a 

a'Ga 

Q Q* Q 

— i->a>- l a,'- l a, 

= s a 

for every a E a, ^(1) is a unit for C Hence O is generated by partial 
isometries {S a } a ea which satisfy the relations {U, (J2J) and © of sectional 
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For each I G No, denote by Ai the C*-subalgebra of Ax generated by 
{1 ct ImI (C(ju)) I A* ^ <*/}• Since .4/ is generated by a finite number of mutually 
commuting projections, there exists a finite number m{l) of mutually disjoint 
subsets S\, i = 1, 2, ... j m{l) of X such that 

[l B i |i€{l,2,...,m(0}} 

is a basis for .Az. 

Then ?/> ^Ig?^ , * = 1,2, ...,m(Z) are mutually orthogonal projections 

in and span {^(1^ ) [ i G {1, 2, . . . , m(/)}} = Ai{0). So by Lemma IQ1 
we have that for 1 < k < I are S v ip(l £ i)S*, i = 1,2, ...m(l) mutually 

i 

orthogonal projections in O. 

For each 1 < k < I denote by T>\ the C*-subalgebra of T>\ generated by 
{lc(n,i>) I v G a fc ,/i G a;}. It is easy to check that 

l C{v)na-\"\{S^ v£a k , i = 1,2,... ,m(l) 

are mutually orthogonal projections in T> l k , and since 

1 £7(i/)n<r-l I 'l(£|) = =^ ^l"!^!/)) 1 ^ = 

S£SW(l £ i)=0 

there exists a *-homomorphism ^ : V l k — > X such that tp k {^-c{v)r\a-\"\ (£')) = 
S y ilj{l £ i)Sl for every f G a k and every z G {1, 2, . . . , m(l)} and hence 

(l-CGu,!/)) = S U S*S^S* for every z; G o fc and every fi G a/. 

For every A; G No denote by the C*-subalgebra of T>x generated by 
{lc(^) \ v 6 o fc ,// 6 a*}. Then 

/>fc 

Let denote the inclusion of V l k into Since if) l k +1 o t l k = ip l k for 

every I > k, the ^i's induce a *-homomorphism ^ : £>& — > such that 

( 1 C( A t,i')) = S U S*S^S* for every i> G o fc and every |i£o*. 

Since 

C(/t, z/) = I^J C(fj,a, va) 
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for every fj,, v G a*, T>k C for every A; € No and the inclusion of T>k 

into Pfc+i is given by 



Hence tpk+i ife = ipk an d since 2?x = UfeeNo^' * ne ^ fc ' s induce a *- 
homomorphism ip : T>x ^ O Q X such that 

for every □ 

We are now ready to state and prove the universal property of Ox- 

Theorem 7.2. Let X be a subshift. Then Ox is the universal unital C*- 
algebra generated by partial isometries {S a } a ^ a satisfying 

a ) ^2a€a^a,Sa = I, 

h) Q* Q Q Q* Q* Q* Q 

c) the map lc(u) l— * ^Z^n extends to a unital * -homomorphism from Ax 
to the C* -algebra generated by {S a } a&a , 

where = 5 W • • • and S u = S Ul ■ ■ ■ S„ M for every /i, v G a*. 

Proof. It follows from Lemma 15 . 41 and f5 . 51 and Proposition 15 . 61 together with 
the fact that Ax is a C*-subalgebra of T>x, that Ox is generated by partial 
isometries {S a } a £a satisfying a), b) and c). 

Assume now that X is a unital C*-algebra generated by partial isometries 
{T a }aea and that ir : Ax — ► X is a unital *-homomorphism such that 

a ) J2aeaTaTa = I, 

b) t;t^t v t* = t v t*t;t^ 

C) T*T^ = TT (lfflMl^))^ 

where T M = T m 7j, 2 • • • and T v = T Vl T v , 2 ■ ■ ■ T„ M , for every fj,, v G a*. 

By Lemma 17. 1| it extends to a *-homomorphism from T>x to X, such 
that 

t 1 " (lev,*)) = T uT*Tf,T* 
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for every fj,, v € a*. Let 

V-((/aWa) = ^7>(/ a ) 

for every (f a )aea G Hx- We will show that (tp,Tr) is a Cuntz-Pimsner coin- 
variant representation of Hx- 

It is easy to check that aif}(£) + 0ip(C) = 4>{o.S, + PC) f° r every a, j3 G C 
and every £,£ € Hx, and V'(C) 7r (/) = ^(Cf) f° r every ^ £ Hx and every 
/el x . 

Recall from the proof of Proposition 14.31 that for /u, z/ E a* with \v\ > 1 is 

(1(7(^,1/)) = if a^vi, and A a (lc(n,i/)) = Ic^^a-^M) 1 ^^)) if a = "l- 
Thus 

7T (1(7(a»,i/)) ^((/o)oeo) = ^ (^(iv)) X] M/a) 

ago 

= T v T;T^T;T Vl 7:{f Ul ) 

= ^], 1 T ! , 2 j,3...j,| i/ | ^^/i^j/ 3 ...j/| I; | 7I '(/l'l) 

= ^ (Cn 1 C(At,^^3-i'|„|)/n) 
= V> ((Aa(lc( At)I .))/a)aeaJ 
= ^ (0(lc(^))(/a)oea) , 
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for (f a )a£a £ Hx- We also have that 



= J2 T Z T » T Mfa) 

= ^T a T^ a T^ a 7r(/ a ) 

= ^T a 7T (l CT |M a |(C(^a))) *"(/a) 

= V> (( 1 ( jl^l(C*(/ia))/a)aea) 
= V> ((^a(l ff l/x|(C( /i )))/o)oeo) 
= V' (CM) )(/a)oea) ■ 

Since Z?x is generated by lq^j, |i,i/£o*,we have that 

*{fM(fa)aea)=->l>{<KfKfa)aea) 

for every / G V x and every (/ ) ea G H x- 

Since ^2 aea T a T* = I, the projections {T a T*} aea are mutually orthogo- 
nal, so 

= 

if a ^ a'. Thus 

aGa a'Ga 

= ^7r(/;)r;r a 7r( 5a ) 

= X] 7r (^*) 7r ( 1 <r(C(a))) 7T(5a) 
= 7r(((/o)o6a, (flOaea)) 



for every (f a ) a ea, (ftOaea € H x . 
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Finally we see that for every / € T>x is 4>(f) = J2aea®£ A (/) £ ' so 

aeo 

= ^r a vr(A a (/))r; 

aeo 

= £>(/)T a T a * 

aeo 

= *(/). 

Thus (i(),tt) is a Cuntz-Pimsner coinvariant representation of Hx, so it 
follows from Theorem 13.11 that there exists a *-homomorphism ip x n from 
O x to # such that ^> x n(k Hx ((f a ) aea )) = tp((f a ) aeo) f° r every (/ a )aeo € Hx 
and hence 

^ x vr(5 a ) = V x 7r(fcH x (&))) = = T a 

for every a e a. □ 

Remark 7.3. It follows from Lemma l7.1l that Ox also can be characterized 
as the universal C*-algebra generated by partial isometries {<S a } aga such 
that the map lc(u,v) l— * S V S*S^S* extends to a *-homomorphism from T>x 
to the C*-algebra generated by {Sajaeo; where = 5 /Ltl • • • and S u = 
S Ul • • • S v ,. for every fj,,u & a*. 

Remark 7.4. Condition b) can be replaced by 
K'l q* Q q — q q* c 

because b') implies that S^S^S U S* = S^S^S^S* = S u S*S*SnS u S* and 
Si/SyS^Sfi = 3,^(3^3^3,/) = S V {S V S ^ U S P ^) = S P S U S ^S V S U , and thus 

s'S^SuSt = s u s;s;s^ and b) implies that s;s^s u = s;s^s u s* u s u = 

Thus if we for a two-sided subshift A define 0\ to be Ox A where Xa 
is the one-sided subshift of A (cf. Section EJ, then 0\ has the universal 
property 1 .'5 . Theorem 4.9] and also has the right underlying compact space 
(cf. [13 Lemma 3.1]) and thus satisfy all of the results of p iTnilT3H2T] 

Remark 7.5. It is easy to check that for a two-sided subshift A, the partial 
isometries of Definition 2.1] satisfy a), b) and c) of Theorem l7.2l fwith X = 
Xa, the one-sided subshift of A (cf. Section |5J)). Thus there is a surjective 
*-homomorphism from Ox A to 0\ of 5 . If A satisfies the condition (I) of 
[3], then this *-homomorphism is an isomorphism. There are examples of 
subshifts for which the *-homomorphism is not injective (an example of this 
is if A only consists of one point). 
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Remark 7.6. In 6^ a C*-algebra T>x x a ,£N has for every one-sided subshift 
X been constructed by using Exel's crossed product of a C*-algbra of an 
endomorphism. It follows from Remark 9] that Ox and T>x x Q ,£ N are 
isomorphic for every one-sided subshift X. 

Remark 7.7. It follows from Theorem 10 of Chapter 2 of [3] that Ox can 
be constructed as the C*-algebra of a groupoid. 

8 Ox is an invariant 

We will now show that Ox is an invariant for subshifts. We will do that by 
showing that if two subshifts X and Y are conjugate, then Hx and Hy are 
isomorphic as C*-correspondences, and it then follows that Ox and Oy are 
isomorphic. 

Definition 8.1. Let X and X' be C*-algebras, (H,</>) a C*-correspondence 
over X and (H, eft') a C*-correspondence over X' . If there exist a *-isomorphism 
ip : X — > X' and a bijective map T : H — > H such that 

and 

r(</>(X)£) = WP0)(T£) 

for all £ € H, £ £ H', then we say that (T, ?/>) is an C*-correspondence 

isomorphism, (H,0) and (H',<//) are isomorphic and we write H = H'. 

It easily follows from Theorem IM. II that if (T, ^) is an C*-correspondence 
isomorphism from (H, <j>) to (H', <fi'), then there exists a *-isomorphism Txip 
from Oh to Oh' such that T x ?/> o fc H = fc H / o T and T x ip o kx = kx> o ip. 

Lemma 8.2. Let X be a subshift. Define a *-homomorphism <px '■ — ► 
58 (X) 6y /ettin# 

0x(/)(x) = /(a(x)) 

for every f £ 55 (X) and every i£X, 
T/ien MVx) Q V x . 

Proof Let fi, u € a*. Then 

o--\C{^v)) = {jC{^av), 
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so 

<^x(lc(^)) = l ff -i(coi,i/)) 

Thus, since Px is generated by {lc(u,v) \ I 1 , 1 ' £ a*} and 4>x is a *-homomorphism, 
it follows that ^x(^x) Q ^x- □ 

Lemma 8.3. Zei X be a subshift. Then we have: 

a) If £1,82 are subsets ofX such that lg 1} lf 2 G Dx> ^en l^u^ e ^x- 

b) If £ is a subset ofX such that If £ 2?X; #ien € 2?x- 

c) If £ is a subset ofX smc/i i/iai If G 2?X; £/ien 1<j- wg) G £>x- 
Proof, a) Let £i,£2 be subsets of X such that 1^, lf 2 G X>x, then 

l£iU£ 2 = Ifi + Ifa ~~ Ifilfa G ^X- 
6) Let £ be a subset of X such that If G £>x- Set for each a G a, 

£ a = {x G X I G £}. 

It is easy to check that 

a(£) = (j£ a . 

a£a 

Since lf a = A a (lf ) G T>x (cf. Proposition 14. 3 j) . it follows from a) that 
1 CT (£) G £x- 

c) Let f be a subset of X such that If G T>x- It is easy to check that 
l v- 1 {£) = ^x(lf), so l CT -i(f) G V x by Lemma O □ 

Proposition 8.4. If two subshifts X and Y are conjugate, then T>x — T\ 
and H x = H Y . 

Proof. Let ip : X — ► Y be a conjugacy. Then we can define a *-isomorphism 
* : «8(Y) -» ®(X) by setting tf(/)(x) = /(^(a)) for every / G ®(Y) and 
every i£X. 

Let n G L(Y). Since Cy(/j,) is clopen and -0 is continuous, -0~ 1 (Cy(^)) 
is clopen and hence compact. So since Cx(^), v G L(X) is a basis for the 
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topology of X, there exist a finite number of words /xi,/X2, . .. ,/i r £ L(X) 
such that 

r 

^- 1 (C Y (^))= lJCx(/x fc ). 

fc=i 

Let n, v G L(Y) and let /ij, . . . /v, u\, . . . , v s G L(X) such that 

r 

r/»- 1 (C Y (M)) = |J Cx(r) 
fc=i 

and 

s 

tf>-HCy(v)) = |J Cx(^). 
fc=l 

Since both ^ o (j x = d Y o ^, we have that 

^- 1 (c Y (/x^)) = ^- 1 (C'Y(z,))n ( T x M (^ l ^- 1 (C'Y^)))) 

/ s \ / r \ 



\fc=l / \k=l 



so it follows from Lemma 18.31 that 

* ^CyO^)) = VMCyO^)) E P X- 

Hence ^(Dy) f= ^x- I n the same way we can prove that \I r_1 (Dx) Q T>y, so 
^(Dy) = and thus : £>y —* £*x is a *-isomorphism. 
Define T : Hy — > Hx by 

T(fa)aea Y = ( £ A 6 (* (l^))) *(/«)) 

and S : Hx — > Hy by 

\66a x / a6a Y 

Let a G ay, 6 G ax and x € Y. If ax G Y and (?/> _1 (ax))i = b, then 

^~ 1 (ax) = (ip~ 1 (ax))ia(^~~ 1 (ax)) 
= bil)- l (a{ax)) 
= b^ix) 
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and thus btp 1 (x) G X and (i^(b4> 1 (x)))\ = a. 
If bip^ix) G X and = a, then 

= a^(<j(&V _1 (aO)) 
= ax 

and thus ax € Y and (^ _1 (ax))i = 6. 

Hence (ax G Y A (V> _1 (ax))i = 6) (&^ _1 (x) € X A (V>(&V' _1 ( x )))i = a). 

So 

yA b{ V { L Cy{a) ))J{X) | Q if6V _1 (x)^X 

1 if bip~ 1 (x) £ X A (ip(bip~ 1 (x)))i = a 

else 

1 if ax G Y A (V> _1 (ax))i = b 
else 

* _1 (icMb)) ( ax ) ifaxGY 
if ax i Y 

= AaC*" 1 ^)))^) 

and hence tf -1 (\ b (* (lc Y (a)))) = A a (lc x (6))) for a11 a G o Y and 
6 G ox, and thus 

(T{fa)aea y ,(9b)be ax ) = ( E ^ b (* ( 1 c Y (a))) *(/«)) . (<?&)&ea x } 

\ Vaeay / 6ea x / 

= E *(/«*) EM*^-))) a 

aGoy bea x 



* ( ((/«)«£<*, ( E A « (^xW)) ^Hdb)) 

*(((/a)a6a Y ,S , (5b)beox}) 



for all (fa)aea Y G H Y and all {gb)bea x € H x . 
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Let a G ay, b G ax and y G X. If 6y G X and (ip(by))\ = a, then 

VKM = (^(by))ia(^{by)) 
= atp(a(by)) 
= atp(y), 

and thus aif)(y) G Y. 

So for every / G XV is 

M*fai.)))*&V)M = (J(W(^)*&(/))(y) 

H(o)(^(6j/))Aa(/)(^(y)) iffcyGX 
if 6y g X 

/(o^(y)) if 6y G X, = a and o^(y) G Y 

else 

f{^{by)) if 6y G X and = a 

else 

= A 6 (*(l CY(a) ))A b (*(/))(y), 

and hence A b (* (lc Y (a))) *&(/)) = h (* (lc Y (a))) A 6 (*(/)) for all / G 
XV; a £ ay and 6 G ax- Thus 

T(4>'(f)(fa) a eay) = T(X a (f)f a ) aeay 

= (!CM«))) *(Aa(/)/a) ) 

V «ea Y / 6ea x 

= (A 6 (*(/))^A 6 (*(l CY(a) ))*(/ a )J 

= ^(*(/))T(/ a ) o6flY 

for all (/ a )aea Y G H Y and all / G Vy. 

Since tf" 1 (X (* (lc Y (o)))) = A a (lc x (b))) for all a £ ay and fe G 
Ox, ^, V I / ~ 1 and A a are *-homomorphisms and 

ICxWW) " { o if b + b< 



for b, b' G ax, we have that 

\ (*(lc Y (a)))V (*(lc Y (a))) 



A 6 (*(l CY( a))) if& = 6' 
if 6 + V 
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for all a € ay and all b, b' G ax; and hence 

\ &€a x / a 

= ( £ A* (* (lc Y (a))) £ * (^a (^ (1 



9b 



bea x 



C Y (b))))9b I 
ax / b'ea x 

= ( £ >V (* (lQc(a))) E ^ (* (iQcCa))) J 

\aGOY t>Sax /b'eax 

= ( E^(*(ic Y ( a) ))s 6 ) 

\aea Y / 6e ax 

= (^mE 1 ^*) 

\ \ \aeo Y 

= (Ab(l)5b)6ea x 

= ( 1 <T(C x (6))ff6) 66ax 

= (9b) bea x 

for all (gb)bea x G H x . 

In the same way one can prove that ST(f a ) aea _ Y = (f a )aea Y f° r an 

(fa)aea Y 6 Hy. 

Hence (T, is a C*-correspondence isomorphism and Hx — Hy. Q 

Remark 8.5. With Proposition 18 .41 in hand, it is not difficult to prove that 
if A and T are two two-sided subshifts such that the one-sided subshift Xa 
of A and the one-sided subshift Xr of T are conjugate, then 0\ and Or of 
[H] (cf. Remark 17. 5|) are isomorphic. 

Theorem 8.6. If two subshifts X and Y are conjugate, then there exists a 
^-isomorphism p from Ox to Oy such that ^ z ° P = P ° lz for every z G T. 

Proof. It follows from Theorem 18.41 that there exists a C*-correspondence 
isomorphism (T, \E f ) from Hx to Hy. Thus there exists a *-isomorphism p : 
Ox -> Oy such that p(kn x (0) = k H Y {T£.) for every £ G H x and p(k^(f)) = 
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fog (^(/)) for every / € £>x- Hence 



7*(K*h x (0)) = 7 2 (W^)) 

= zfoH Y (TO 

= /c Hy (Tz^) 

= p(^h x (6) 

= P(7*(*Hx(0)) 



for every £ G Hx and every z G T, and 

7,(P(^ X (/))) = 7,(^ Y W/))) 
= sfc^ (¥(/)) 
= k^(zf)) 

= P( k f> x ( z f)) 
= P( zk v x (f)) 

for every / G £>x and every z G T. Since Ox is generated by foH x (Hx) U 
kjj^Vx), it follows that ^ z ° P = P ° lz for every z£T, □ 

Remark 8.7. One can prove that if A and T are two two-sided subshifts 
which are flow equivalent (cf. [22], and ^2j §13.6]), then Ox A and 

Ox r , where Xa is the one-sided subshift of A and Xr is the one-sided subshift 
of r, are stably isomorphic. This has been proved in |2U| (cf. Remark I7.4|) 
under the assumption of condition (I) and (E) (cf. [TH]). but there is an 
alternative proof, which will appear in [I] , which does not require condition 
(I) and (E). 

Notice that if the two two-sided subshifts A and T are conjugate (as two- 
sided subshifts, cf. |12| Definition 1.5.9.]), then A and T are flow equivalent 
(cf. ^3 §13.6]), and so Ox A and Ox r are stably isomorphic. One can in fact 
show that if A and T are conjugate, then there exists a *-isomorphism from 
<£> from C>x A ® K, to Xr ® £ such that $(£>x A ® C) = V Xr ® C and such that 
$ o o (J) -1 and 7a are exterior equivalent, where K, is the C*-algebra of 
all compact operators on a separable infinite-dimensional Hilbert space, C is 
a maximal commutative C*-subalgebra of /C, T>x A (respectively Px r ) is the 
C*-subalgebra of Oa (respectively Or) generated by {S U S^S '^S*} jtti ^ e L(X A ) 
(respectively {S^S^S^Sl}^^^)) (noticed that T> Xa (respectively T> Xr ) is 
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isomorphic to T>x A (respectively T>x r ), cf. Remark l7.3|) and 7a (respectively 
7r) is the gauge action on Ox A (respectively Ox r ). This has been proved in 
[T§1 Corollary 6.2] for two-sided subshifts satisfying the conditions (I) and 
(E), and will be proved in full generality in [I]. 
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